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J. Phys A: Math. Gen. 26 (1993) L139-L143. Printed in lhe UK 

L E m R  TO TKE EDITOR 

Remarks on the Brillouin-Wigner perturbation theory 

Gang Su 
CCAST(World Laboraloy), PO Box 8730, Beijing IOW80, People’s Republic of China 
and 
Department of Physics, Graduate School, Academia Sinia, PO Box 3908. Beijing 
103039, People‘s Republic of Chinat 

W i v e d  14 October 1992 

Abstract. Some remarks on the Brillouin-Wgner degenerate perturbation theoly are 
&en together with an argument for the t-3 model. It is shown that lhe WO different 
lypes of the t-J model, which are frequenlly adopled in lhe current literature, in fact 
arise from [he use of different Hilben spaces 

A so-called i-J model, which is derived from the Hubbard model in the strong 
coupling limit, has recently been widely used to investigate the properties of high- 
temperature superconductors. However, the mathematical forms of the a-J model 
which many people adopt seem to be confused, i.e. some people use the expression 
I11 

H =-t  ~ ( l - n ~ - u ) c ~ u ~ j u ( l - n , - ~ ~ +  JC(S i .S i -an;nj )  (1) 
1G)u (4 

and others use another form [2] 

Which of these is realistic? In this letter, we will address this issue in discussions of 
the Brillouin-Wigner (BW) perturbation theory [3]. Generally, one can obtain the 1-J 
model from the Hubbard model in the limit of U > t by using either the canonical 
transformation method [I] or the BW degenerate perturbation theory [2]. Whichever 
method is adopted, the form of the 1-J model should be reasonably unique. Why 
do two different types (1) and (2) appear? In fact, as we will see below, (1) and 
(2) are written in different Hilbert spaces. On the other hand, the BW perturbation 
theory is still a powerful technique with which to treat a class of problems concerned 
with spin-orbital coupling under the actions of the crystal field in transition metals 
or alloys. Therefore, it is necessary to discuss the BW perturbation theory in detail. 
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Consider a Hamiltonian of a system 

H = H" + HI (3) 

where HI is very small with respect 10 H,, and can be regarded as a perturbation 
term. We further assume that H ,  is so sufficiently simple that its eigenvalue problem 
can be solved exactly 

where the ground state of Hu is degenerate. The ground-state energy of H, is 
denoted by E("), and the corresponding eigenstates are labelled by $J, . . ., etc 
The excited eigenstates of H,, which may or may not be degenerate, are labelled by 
c$~,  q6v, . . ., etc with corresponding eigenvalues E, ,E, , . . ., etc. H satisfies the 
Schrijdinger equation 

'(0) (0) 

(HU-E)' = - H I *  (5) 

with @ the eigenfunction and E the eigenvalue of H. As a result,' can be written 
as a linear combination of and .,,, i.e. 

Substituting equation (6) into (9, we find that 

Equation (7) can also be M t t e n  as 

Consequently, equation (6) becomes 

Inserting equations (6) and (9) into equation (5). we obtain 

C[(.,lH.@l.j) - E 4 j b j  = 0 
j 

where 
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One can see that equation (10) is the Same as the Schrodinger equation for the 
Hamiltonian H, which is often called the effective Hamiltonian of the system. 
Evidently, equation (10) is equivalent to 

HeffQ'grouod = EQgound. (12) 

At this stage, we still have not made any approximations in the derivation, i.e. 
equations (11) and (12) are exact. Although we have reached a simple equation (12) 
for H,, we still cannot obtain the exact eigenvalue E because the exact form 
of Heff cannot be written down easily. Generally speaking, one usually takes the 
following approximations [3] in equation (11): (i) E - E r )  % E(") - E r ) ;  and (ii) 
(4w~Ifl~+j) < (E(') - EL')). By applying the two conditions, equation (12) can 
also be solved approximately. However, such an approximation is inappropriate, as 
discussed below. For the Hubbard model [4], if we take the correlation term as Nu 
and the hopping term as HI, then from equation (11) one finds that the effective 
Hamiltonian (1-J model) is just equation (Z), as shown in [2] .  

On the other hand, we can still obtain a similar equation to equation (12) in 
another way. Now we divide the full Hilbert space V into two subspaces r/, and VI, 
Le. V = Vu @ VI, where Vu are spanned by the eigenvectors Qgound 2 Q", and VI 
are spanned by the eigenvectors E Q l .  We can also introduce two projection 
operators P and Q into the Hilbert space in the following way [5] 

P : V - V ,  Q : V - + V l  (13) 

or, equivalently, 

PI@) = IQo) = PIQu) QlQ) = IQ,) = QlQi).  (14) 

P and Q have the properties 

P + Q = 1 [P(  Q)  3 Ho]= 0. (15) 

At present, we use P and Q to perform on the two side of equation (5), and have 

( E -  I fdIQu) = PHiPlQu) + P H i Q l Q d  

( E -  Ho)IQi) = QHlPlQu) + QHiQIqJ. 

(16) 

('7) 

By applying equation (17) to iterate equation (16), one obtains 

H&Qu = EQo (18) 

with 

H& = E(") f P H I  P + P H I Q Q H I P  + , , , , 
E -  Hu 

If one linds the operators P and Q satisfying equation (13, then H& can be obtained. 
It may be seen that H& varies slightly from H,. Obviously, equation (19) is written 
down in the full Hilbert space V, because the projection operators exist, whereas 
He, is witten down in the Hilbert subspace Vu. If we choose an appropriate form 
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[6] of P for the Hubbard model, then one finds that equation (1) may be obtained 
from equation (19) after ignoring some negligible terms. Thus we can state that the 
two somewhat distinct types (1) and (2) of the t-J model are, in fact, derived in 
different Hilbert spaces. 

In addition, when one ~ t e s  down an approximate form for the effective 
Hamiltonian up to a higher order than H: by using E(') to replace E directly in 
equation (ll), some terms are inappropriately missed. Assuming that E - E(") = E 

(E  is a small quantity), then HI N E [SI. Thus the third term on the right-hand side 
of equation (11) is proportional to 

Usually, when we write down He, up to the order of H:, orders higher than O ( E ~ )  
are often neglected. It is easily observed that if one uses E(") to replace E directly in 
equation (ll), the second term of (20) is naturally dropped. This is correct up to the 
order of O( H t ) .  However, if we include orders higher than O( H : )  in equation ( I l ) ,  
for instance if we go to the order of H:, then we find that it is no longer valid to 
use E(") to replace E directly in equation (11). However, if such an approximation 
(which is usually adopted conventionally) is made, the second term of (20) will be 
missed whereas such a term has the same order as the main term of the order of 
H:, which should not be ignored. This can be seen from the fourth term on the 
right-hand side of equation (11) which is proportional to 

€4 -c ~ , "  ( E ( @ )  - E?)) (EN - ~ f u ) ) z I  

Therefore, the correct form of He, up to the order of H: should be 

A simila situation occurs for orders higher than O(Hf),  and thos tern . .. missed 
originally should be added to the expression for H e E .  Of course, all the above 
arguments are also suitable for equation (19). 

The author thanks Professors F C Pu, B H Zhao, D H Luan and D H Zhang for 
fruitful discussions during a stay at Wenhai Division of Shandong University. This 
work is partially supported by Academia Sinica and by the NSF of China. 
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